


Feller’s
path [1950/1968, p. 87]. Computer simulation of 10000 rounds of heads
or tails. The first path represents the first 550 games, the next two lines
represent the 10000 games, the horizontal scale being compressed by a factor
of 10 without changing the vertical scale.

reading of Le Hasard. Let us note nevertheless that, without knowing it,
Feller reproduced Monsieur Le Dantec’s sinuous path in his volume I and
commented on it in a completely Borelian way [Feller 1950/1968, p. 87]. We
heartily recommend that beginning readers (if there are any) consult pages
46-53 of Le Hasard if they want to understand why the arcsine law has that
strange U form.

9. Borel’s brother-in-law Jacques Duclaux (1877-1978), professor of gen-
eral biology at the College of France, conducted interesting experiments in
the game of heads or tails. In one of his popular books [1959], he traces Le
Dantec’s sinuous curve along 10240 tosses, which he claims he obtained in
six weeks, one hour a day. Jacques Duclaux thus beat by a short head the
record established by the South-African statistician John Kerrich, who used
the leisure of a long captivity in Denmark during the war to conduct proba-
bilistic experiments. Kerrich’s results were analyzed in a book published in
Copenhagen in 1946; he analyzes 10000 tosses of a coin and 5000 draws from
an urn containing two red balls and two green balls. Feller [1968, p. 87] uses,
for his part, a computer simulation of 10000 tosses of heads or tails (see the
preceding note). Buffon’s experiments, which we will recall later in note 17,
are known, perhaps also those of Quetelet (note 5), and Westergaard and
Weldon [Hald 1998], [Stigler 1999]. Less known in France are the statements
of the Genoese lottery of Prague and Brno, analyzed over 133 years by Czu-
ber [1889, 1902], etc. But none of these scientists traced the sinuous path of
the game of heads or tails. This seems to belong to Le Dantec (unless his
title is disputed).
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path [1959, p. 75] (10240 rounds of heads or tails). A gambler who wants to
get rich using the martingale “leave the game at the first gain after a return
to equilibrium and start again indefinitely” must definitely have patience and
not fear overdrafts at the bank.

10. If we believe the Tribune de Lausanne of June 16, 1917: “Le Dantec was
one of the most representative men of contemporary atheism and materialism,
a bigot of negation, an apostle of nothingness...”, but he also was a prophetic
mathematician without knowing it, and according to those close to him a
sensitive being and attentive friend, who stoically stood up to the torments
of a cruel illness from which he died on June 6, 1917. Le Dantec spent
many long stays at the Sanatorium Mangini d’Hauteville in Bugey; he wrote
there in particular Le Conflit [Le Dantec 1901], which had many editions. A
volunteer in the army’s health services during the war, he did not withstand
the exhaustion from his battle for the “sacred rights” of the human person
ridiculed by Austro-German barbarism [Le Dantec 1917b]. (Recall that the
botanist Noél Bernard (1874-1911) also died of tuberculosis; see for example
[Lebesgue 1991].)

Le Dantec did not hesitate to attribute self-consciousness to aphids and
considered thought as a property of “raw matter”, anticipating the most
extreme theses of contemporary cognitivists. For this alone he is worth re-
membering.

For details about the life and work of Félix Le Dantec, see [Moreau 1917],
[Pérez 1917], [Lenoir 1919], [Sageret 1924], [Reinach 1926] or [Bonnet 1930].
Charles Pérez (1873-1952), normalian in the class of 1894 and one of the
intimates of Le Dantec (and of Lebesgue and Noél Bernard, of whom he was
a classmate), professor at the Paris Faculty of Sciences, wrote Le Dantec’s
obituary in the annual of the Ecole normale supérieure in 1918, which we
have used.

There does not seem to be any recent book on Le Dantec’s philosophical
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and scientific work. Let us only point out that his whole “biological philoso-
phy” can be summarized in a law of evolution of the type A,,1 = A,+ A, B,
where A,, denotes the state of an individual at time n and B,, the action of
the environment at the same time, so that for Le Dantec [1909, p. 37]: “it
is obvious that A,, namely the body of the individual, at a given time, was
not foreseen in the egq, but is the result of an evolution, a history... We can
say: an indwidual s a history.”

The same equation controls as well the evolution of species and gives
form to the “fundamental biogenetic law” according to which ontogeny and
phylogeny are images of one another (the development of an individual from
the embryo to the adult reproduces the development of the species; notice
that this same fundamental law, attributed to various authors, is considered
by Dedebant and Machado as a biological metaphor of the ergodic principle
of mechanics [Dedebant, Machado, 1963]). Le Dantec’s equation applies in
particular to the genetic patrimony of an individual (or of a species), reduc-
ing the fixed Mendelian inheritance to its proper allotment (the Mendelian
characters specify form and color but do not affect the vital mechanisms:
the Mendelian peas are certainly smooth or wrinkled, but their inherited
patrimony evolves with time according to Le Dantec and Lamarck’s laws).
This very move completed the marginalization Le Dantec’s extreme trans-
formism at the beginning of this century of the “genome”, fixed, independent
of the environment, and sovereign. As for Le Dantec, it is clear enough that
his equation of evolution is stochastic, the action of the environment on
the individual not being subject to any law, so that without wanting to, Le
Dantec also anticipated Bernstein, von Mises and Hostinsky’s stochastic non-
hereditary schemas. He was, in spite of himself, a pioneer of the Markovian
studies of which he surely would have thought the worst.

On the philosophical front, Sageret [1924] and especially Le Dantec
[1907a] himself suggest that Bergson only “poetizes”, for ladies and meta-
physicians, Le Dantec’s biomathematical philosophy in Evolution créatrice
[Bergson 1907aj; the polemic that ensues in Borel’s journal is rather aston-
ishing (see [Bergson 1907b] and [Callens 1997]). We could also reread Jean
Barois to bathe ourselves in the atmosphere of that time. Barois is in fact a
true disciple of Le Dantec, who is even cited in the lesson on transformism
the hero presents in front of the director of the College Venceslas: Lamarck’s
transformism reworked by Le Dantec is the definitive scientific truth, opposed
to the holy fathers’” perfidious relativism. And Luce’s death is a troubling
anticipation of Le Dantec’s [Martin du Gard 1913]: “The last act is bloody,
no matter how pleasant the comedy overall.”

11. Let us nevertheless note that according to the testimony of L. J. Savage,
who knows what he is talking about, Borel was the first to have proposed a
defense of “personal probabilities”, in his critique of the treatise by Keynes
[1921] (see [Borel 1924]). We rather imagine that Borel’s personal probabili-
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ties are tied in one way or the other to his reflections on the personal chance
of Le Dantec, who, under this hypothesis would also become, without having
wanted it, one of the pioneers of the modern subjective theories.

12. Jean Ville, professor at the Nantes lycée, was mobilized in the Ar-
tillery. Taken prisoner in June 1940, he was incarcerated at the Oflag XVIIA
at Edelbach, in Austria, until autumn 1941.* For one year he was respon-
sible for the course on probability and, in collaboration with Frédéric Roger,
for the course in differential and integral calculus at the Oflag’s “study cen-
ter”, directed by Jean Leray (1906-1998), one of the century’s great French
mathematicians [Leray 2000]. Edelbach’s study center is no doubt the most
famous university in captivity of the second world war. It was competitive
with many French universities of the time, and its history is not written.
Two future members of the Academy of Sciences, professors at the College
of France, taught there for five years, Leray in mathematics and Etienne
Wolff in natural sciences. Both made beautiful discoveries while they were
there (French national archives AJ/16/5826).

Liberated at the beginning of classes in 1941, Ville went back to his job
in Nantes; he taught statistical correlation as the winner of the Peccot prize
at the College of France in 1942 [Ville 1955, p. 10]. He soon moved to
the University of Poitiers, and in 1943 to the University of Lyon. Frédéric
Roger, a brilliant student of Fréchet and Denjoy, was liberated and sent to
the Berlin Academy and then to a German university, with Christian Pauc
(causing them a lot of trouble at the Liberation, Fréchet Archives carton
11). Ville and Roger were replaced at the Edelbach center by Camille Le-
bossé (1905-1995) and Corentin Hémery (1909-1992), both ex-students of
the Ecole normale supérieure of Saint-Cloud and mathematics professors at
the Lycée Pasteur. Through their works, published by Fernand Nathan, Le-
bossé and Hémery educated whole generations of students at the secondary
level, until “modern mathematics” came, for a time, to compete with them
(it is not impossible that Leray’s well known hostility to the introduction
of modernism in mathematical teaching at the secondary level came in part
from his long acquaintance with Lebossé and Hémery at Edelbach). The
Oflag at Edelbach is also known for the number and length of tunnels dug
for collective escapes; in particular, it was the location of the “great escape”
of 143 prisoners at the same time, but we leave our subject.

Ville then seems to have dropped his interest in martingales, perhaps after
reading Doob’s first article on the subject [1940], which seemed to wrap up
magisterially and definitively the theory Ville had so brilliantly initiated, and
probably also because the applications Ville had in mind were related to a
topic Paul Lévy had been studying at the same time unbeknownst to him:
the geometry of vectorial Brownian motion. When, back from captivity, Ville

XixEditors’ note: Documents made available in the French national archives after this
was written show that he was released in June 1941.
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published a first note on this subject [Ville 1942], Fréchet, probably alerted
by Lévy, with whom he corresponded very regularly, called to his attention
an article by Lévy [1940] in the American Journal of Mathematics. In a letter
addressed to Fréchet dated June 4, 1943 (carton 5 of the Fréchet archives
at the Academy of Sciences), Ville acknowledged very lucidly that he had
tackled the same problems as Lévy without knowing it; Lévy being ahead of
him on many important points, he withdrew his own work. (This is really
a pity; in his note of July 1942, Ville demonstrates, through a martingale
method, that a Brownian motion starting at zero in three dimensions almost
surely does not return to zero, and thus that the double points on the time
axis form a set of measure zero. He asks the same question for the case
of two dimensions, suggesting that the answer is positive, as Lévy showed
independently in his own way ([1940] and [1948, p. 257]).

We may also note that Lévy always adopted a very reserved attitude
towards Ville; in a letter to Fréchet he maintained that Ville had never been
more than a student without great originality (on all these questions, see
the very interesting thesis defended by Bernard Locker in 2000).** He was
wrong, as he also was in most of his scientific judgements concerning the
work of mathematicians of his time; as he himself very willingly admitted
[Lévy 1970], he read them very little and rather badly. We can also imagine
a thousand other reasons for Ville’s giving up martingale theory, one of the
most promising of the following half-century: the conditions of life and work
under the Occupation, and other private or public interests of which we know
almost nothing.

13. In 1947, following an academic disagreement, Ville left the University
of Lyon™ (where he was replaced by Max Eger) for a research engineering
position at the Alsacienne de Construction Mécanique (which will become
Alcatel); he then takes an interest in the transmission of information and
telecommunications; his presentation at the Lyon Colloquium presents some
of his results, all very far from the ideas in his thesis [Ville 1948, 1949]. More-
over, Ville, not on the best terms with the Lyon faculty, seems not to have
taken an active part in the colloquium, to which he had been invited early
on. According to Fréchet [Lyon 1949, p. 47], all the planned lectures, and
hence Ville’s, were in fact presented. It is possible that Ville was physically
present only on the day of his talk, and that he did not attend Doob’s lecture
(we may mention that only C. R. Rao, who attended the colloquium without
giving a lecture [Lyon 1949, p. 26|, dared to speak up after Doob’s lecture).
It seems to be established in any case that Ville and Doob did not meet
in Lyon (personal communication from Ville to P. Crépel [1984b]). Doob,

*Editors’ note: [Locker 2000]. See also Paul Lévy, Maurice Fréchet. 50 ans de corre-
spondance mathématique, edited with notes and commentary by Marc Barbut, Bernard
Locker, and Laurent Mazliak, Paris, Hermann, 2004.

**iEditors’ note: On March 4, 1947, Ville was granted a leave of absence by the Ministry
of Education, effective October 16, 1946.
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for his part, did not recall ever meeting Ville, in Lyon or elsewhere (personal
communication from Doob to K. L. Chung). Ville or Fréchet might neverthe-
less have talked with Borel again during the editing of the proceedings about
these questions from before the Debacle. ! We lack any positive evidence
on this topic and will not say anything more about it.

In 1956, Jean Ville was named professor in econometrics in the Paris Fac-
ulty of Sciences, where he completed his career while continuing his activities
as scientific consultant at Alcatel. ! For more information on the participa-
tion of French mathematicians in the telecommunication industry after the
second world war, see J. Segal’s brilliant thesis [1998].

14. In a letter dated April 6, 1999, which constitutes a first draft of this
article, one of us (K. L. Chung) concludes: “Tout le monde, from d’Alembert,
Buffon,. .., onward to Bertrand, Poincaré, Czuber, Coolidge (Doob’s teacher
in Harvard who wrote a textbook on probability in which he discusses Pe-
tersburg at length). All these people considered limiting the number of bets
to a fired . BUT PERSONNE never thought of conjecturing (*)!!!I' They
computed all kinds of probabilities under various conditions of limiting the
number REALISTICALLY, but never had the audacity of testing a few cases
of (*). (Did I not send to you a computer printout for — up to 107) This is
most curious and worthy of a HISTORICAL ENONCE. For martingale it is
a large watershed, missed by Ville and Doob!” In another letter written a bit
earlier, the same remark: “As far as I recall, nobody ever tried to compute the
expectations for a stopped game. The reason is obvious: nobody converted the
Petersburg game into a martingale as Borel did (1938/9). For this reason it
15 better to take up a simpler game: that of equitable coin-tossing. .. If return
to 0 is certain, then after each return there is % probability of winning 1 (sou),
and therefore by Borel ’s lemma (no need of Cantelli) it is certain that the
gambler will win 1. Many words were wasted on how long it takes and how
much he can suffer to lose (before win!). Tout le monde talked this kind of
rot. Nobody thought of computing ( (min( )))! Nor did Borel himself
for this “game”. His Petersburg martingale is unfortunately too complicated,
for perhaps people like Dantec, and “before its time” for Buffon et al.”>%

15. Borel will even go further in 1953 in his last “Que sais-je?”, Les nom-
bres premiers, where he undertakes to show how the probability calculus
sometimes allow us to reduce to certainties the most profound conjectures
on the “formidable and sacred mysteries of numbers”, a romantic utopia long
present in Borel’s work [1929, 1952], which no one had to take seriously, but
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which allows us to get to the bottom of the Borelian enterprise of popu-
larization. Hermite’s analytic theory, Hilbert’s algebraic theory, and their
imitators, fascinating as they are, are accessible only to very small cenacles,
whereas the contemplation of numbers is and should be an essential element
of Humanity’s culture. The probability calculus allows the impossible pop-
ularization of the highest science, that of numbers, so there is that much
more need to rid it of the paradoxes and illusions that centuries of igno-
rance have burdened it with, for want of sufficient belief in the universality
of human reason. On this point as on others, Borel was hardly heard by his
contemporaries, for a few years later his “Que sais-je?” on prime numbers
was rewritten in strictly proper algebraic language [Itard 1969]. Let us add
that the latest version of the same “Que sais-je?” ([Mendes-France, Tenen-
baum 1997]) is a little less distant from Borelian ideas, which have virtual
timelessness in their favor, although it has become difficult to get any of the
books where they are presented; the Borelian “Que sais-je?” in particular are
unobtainable.

16. We can easily understand why Borel makes no precise reference to the
various empirical and theoretical “laws of large numbers” that scientists,
from Buffon and Condorcet to Feller, have proposed to try to clarify the St.
Petersburg paradox. The problem is to study the likely asymptotic behav-
ior of Peter’s average gains in the Petersburg game restarted over and over
indefinitely after each success. Buffon [1777] made “a child” (about whom
he tells us nothing) play 2048 rounds of Petersburg for a total gain of 10057
crowns, namely five crowns per game, conceivably a price to resolve the para-
dox (Augustus de Morgan repeated the same experiment with many friends
[Morgan 1872]; see concerning this subject [Stigler 1999], [Jorland 1986], and
[Dutka 1988], who, for his part makes a computer play the game 22528 times,
for average of 7.34 dollars). Such averages are nevertheless deceptive, math-
ematically as well as practically, especially for Paul who can suddenly suffer
an enormous loss with no immediate compensation, the Petersburg game
looking to him more like Russian roulette than a fair game (always the exag-
gerated amplitude of the deviations!). The first “weak law of large numbers”
for Petersburg variables (with infinite expected values) seems to have been
due to Feller [1937, 1950/1968], who showed that the sum of Peter’s gains
S(n) during n rounds of Petersburg is equivalent in probability to n logsn,
but this type of result, made precise in an appropriate way [Martin-Lof 1985],
does not get to the bottom of the practical and theoretical problem, because
Peter still has a substantial asymptotic advantage over Paul, for

e~! <liminf =00 almost certainly,

[Aaronson 1978], so that there is nothing to hope for from a strong law of
large numbers [Chow, Robbins 1961].
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In fact, it is very likely that Borel was unaware of the results of Feller
and modern mathematical probabilists, whom he never cites anywhere. Even
had he known about these results, he certainly would have not used them
to resolve the paradox. As this paradox results from considering an actual
or virtual infinity abstractly, it would not have been appropriate to resolve
it using the virtues of this same infinity of the mathematicians, even if,
extraordinarily, they had provided a reasonable solution of the St. Petersburg
paradox, which moreover is not precisely the case.

17. This could even be one of the motivations for Borel’s lemma on “ de-
numerable probabilities” ([Borel 1909a], written in 1908; on this topic see
[Lebesgue 1991]): If (A(n)) is a sequence of independent events with respec-
tive probabilities p(n), the necessary and sufficient condition for an infinity
(and hence at least one) of these events to happen with probability one is
that the series with general term p(n) diverge (see e.g. [Feller 1950/1968,
chap. 8]). To illustrate, we can apply this result to Borel’s martingale of
1908. Suppose it has been shown that Le Dantec’s path goes through zero
again with probability one (see below). After such a return to equilibrium,
the game becomes identical with the original game and independent of the
past. It is then (almost) certain to return to equilibrium a second time and so
on: there is almost surely an infinity of periods bounded between two zeros,
and these are independent of each other. But as there is one chance out of
two that an excursion between two returns to equilibrium starts with a tail,
we have a case where Borel’s lemma can be applied with p(n) = 3, and con-
sequently, an infinity (and hence at least one) of the sequences starts with a
tail with probability one (see note 14). You will have noted the celerity of this
last deduction; when it can be applied, Borel’s lemma is remarkably efficient.
It was only in 1936 that such applications were made in the study of Markov
chains with denumerable states, independently by Kolmogorov and Doeblin,
who derived theorems sometimes more powerful than those obtained by the
spectral theory of operators!

If we thus imagine that Borel launched his “deep study of the game of
heads or tails” and “saw” his lemma on denumerable probabilities in reaction
to the writings of Le Dantec [1907b,c], then the biology lecturer at the Sor-
bonne would be directly responsible for Borel’s lemma and consequently for
the strong law of large numbers and then for denumerable probabilities and,
hence for modern probability theory. He would have contributed in the most
determinate way possible to the development of a theory founded completely
on a conception, the probability of an event, which has no meaning (but has
played one of the leading roles in XXth century science).

To convince oneself that Le Dantec’s path returns to zero with probability
one, we could of course evoke Le Dantec’s principle, recalled above: “chance
knows no law”, from which it follows that the path could not stay indefinitely
on one side of the horizontal. If it is first negative, it must go up until
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it becomes positive; bad luck is a transitory state, we just have to wait.
Nevertheless, this argument has the drawback of neglecting the cases when
all waiting is in vain, for example when one of the players, say Paul, always or
almost always wins, preventing Peter from ever getting back to equilibrium.
This is, moreover, one of the points Borel emphasized. Le Dantec’s principle
implies returns to the origin are necessary, whereas they are only almost sure
in the classical probability calculus where Borel stands. Le Dantec’s implicit
axiomatic is that of sequences of rounds (Le Dantec’s collectives) that do not
know any law, that of Borel is based on sets, and the cases of non returns to
equilibrium have probability zero.

Staying in the Borelian framework (made explicit by Kolmogorov in
1933), it is very easy to show that returns to the origin have probability
one. We can use for example Bertrand’s and Adelman’s classical method
of successive doublings, which shows that with probability one a return to
equilibrium will be followed by a gain for Peter. Indeed, de Moivre’s theorem
(S(n) is asymptotically normal with zero mean and variance n) requires Le
Dantec’s path to go outside any horizontal band fixed in advance, no matter
how large. It then suffices to reason as follows. The path starts at 0. It nec-
essarily goes outside the horizontal band with ordinates [—1,+1] (after the
first toss, in fact),™" and it has one chance in two of going up and reaching
1 from 0. Suppose it does not do that and instead goes down. It then has
one chance in two of exiting upwardly from the band [—3, +1], of width 4,
as it lies in the middle of it, and hence of cutting the x axis and going to 1.
Suppose again that it goes down. It still has one chance in two of exiting
upwardly from the conveniently doubled band [—7, +1], and hence of cutting
the x axis and going to 1, and so on. It cannot continue to systematically
go downwards out of the horizontal bands [—(2" — 1), +1]. So with probabil-
ity one, it finally exits upwardly, cutting the horizontal axis and going to 1.
We can also obtain this result using other even more classical methods, for
example those given by Feller [1950, chap. 3 and 13] or by Borel, Bertrand,
etc.
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