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Résumé

Dans ce papier, nous examinons les contributions originales a la mesure d'inégalité des revenus et de richesse que Gini
a publiées au début de sa carrieére scientifique. Nous montrons aussi que dans son travail sur probabilité et inférence

statistique, il a anticipé des notions de surdispersion et d’échangeabilité.

Abstract

In this paper we review the seminal contributions to the measurement of inequality in income and wealth that Gini made
towards the beginning of his scientific career. We also show that in his early work on probability and inference

contained a clear anticipation of the notions of overdispersion and exchangeability.

1. Introduction

Corrado Gini was born in 1884 in Motta di Livenza (Province of Treviso) in the North East of Italy,
he graduated at Bologna University in 1905 with a degree in Law, the only Faculty where Statistics
was taught as a subject at that time. His dissertation, a throughout investigation into the distribution
of the sex ratio in human populations, later became a book [Gini, 1908a] and is an early example of
the wide range of his scientific interests in Demography, Genetics and Biology. Soon his interests
extended into Sociology and Economics (see [Giorgi, 2001] and [Regazzini, 1997] for some
biographical notes). As far as statistics is concerned, his contributions pertained mainly to
descriptive measures of dispersion, concentration, association as well as to foundational aspects of
Statistical Inference (see [Forcina,1982] for a critical assessment).

In 1920 Gini founded Metron, an international statistical journal: the first issue had a paper

by Edgeworth on entomological statistics, the third issue had a paper by L. J. Reed who introduced
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principal components in two dimensions and the fourth issue a paper by R. A. Fisher on the
“probable error” of the correlation coefficient. In 1934 he founded Genus, a journal devoted to
demography. He was editor and owner of both journals until his death. Gini held several public
positions; in particular he was President of the Central Italian Statistical Institute from 1926 to
1932; during these years he reorganized the national statistical services. When he died in 1965, his
scientific production contained over 800 titles (see [Castellano, 1966] for the complete

bibliography). In this paper we limit our attention to his early contributions.

2 Inequality measurement

Gini’s interest in economic problems, and in particular into the measurement of inequality in the
distribution of income and wealth, probably dates back to his university education. The political and
economic debate on the way to reach a more equal distribution of income and wealth was
particularly alive at the beginning of the last century, partly stimulated by the contribution made by

Vilfredo Pareto.

2.1 The ¢ index

Pareto [1895 and 1897], inspired by the analysis of fiscal data, proposed the following formulation.
Having denoted with x a given income and with N the number of taxpayers with an income
greater or equal to x, he noted that a plot of the points (log.x ,log N ) had a clear tendency to cluster
around a straight line. Therefore, according to Pareto, the distribution of total income was well

represented by the equation

(2.1.1) log N =log A—alogx
that is
(2.1.2) N=Ax""

where the parameter « is the well known Pareto index.
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Because in the large number of empirical applications that he made the estimated values of
a varied very little, he reached the conclusion that the distribution of income was more or less the
same in all the countries and for all the years he considered. Such an assertion seemed quite
unrealistic and in Gini’s opinion it was based on results obtained using indices that were not very
sensitive. In order to overcome such an inconvenience Gini [1909] proposed a new index of

inequality based on the following: given n incomes ranked in non-decreasing order (x, ; <x,), the

average for the last m incomes must be greater than the overall average as long as n > m, thus

(2.1.4) Zn: xl.>l Zn:xi
i=1

1
m i=n—m+l n

which implies

(2.1.5) { y xi/ xl}>ﬂ
i=n—m+l i=1 n

thus it must exist 6 < 1such that

]
(2.1.6) { S /> x,} ==,
i=n—m+1 i=1 n
o0 may be interpreted as the concentration index which, in the case of incomes, Gini [1911a, p.16]
defined as “the exponent to which the fraction of assessed and taxed incomes possessed by the
taxpayers with the highest income should be raised so as to obtain the fraction of taxpayers that
possess it”. He denoted the global income of a taxpayer with x, the frequency of people with an
income greater than x with N and the total amount of their incomes with C; when the values of

log N were plotted against those of logC, using Pareto’s previous data, Gini obtained points
which could conveniently be fitted by the straight line

(2.1.7) log N =—-log K + 0 logC

or, equivalently,

C§
2.1.8 N=—1.:
(2.1.8) i
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Gini emphasised that o, contrarily to « , grew as the concentration grew. Gini [1911a, p.41-

43] also derived the theoretical relation between « and o

(2.1.9) s=—2_

by which he claimed that the “distribution of wealth was enormously different from one country to
another and from time to another”, thereby pointing out how Pareto’s conclusions on the uniformity
of the distribution of wealth were only due to the fact that his index was rather insensitive. However
Gini [1911a, p.44] asserted that the relation (2.1.9) was only theoretical inasmuch as in practice it
was rarely true and he hypothesized that difference between theoretical and empirical results was
due to the influence of tax evasion on the values of & and 6.

In general, Gini [1911a, pp.48-49] thought that 6 had several advantages with respect to o
and, in particular that the index & was more sensitive than & and that the influence of inflation was
less strongly felt by ¢ than by « . In the years that followed there was a heated debate in the
literature on the advantages and disadvantages of the two indices but as Arnold [1983, p.5] rightly
pointed out “both & and o are questionable summary measures of inequality since they both are

only meaningful when the parent distribution is Paretian”.

2.2 The Gini concentration ratio

Gini himself was not satisfied with the results on inequality measurement obtained with ¢ and, even
though he considered the latter better than « , he continued to study the topic and few years later
derived an inequality measure which is still of topical interest (see [Giorgi, 1990,1993,1999]). In
particular, Gini [1914] proposed the concentration ratio R and showed how it was linked to the
Lorenz [1905] curve and the mean difference [Gini,1912]. He also provided formulas for

calculating R from grouped data and examined the influence which the truncation of the variable
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distribution in its lower part could have on such an index. Naturally, he accompanied everything
with appropriate empirical applications.
In more detail, let be x, <x, <..<x, the set of households (or individuals) incomes

arranged in non-decreasing order and

(2.2.1) Cn:x1+x2+...+xn=in:n/1

i=1
the total income, where u is the mean income. Gini considered the fraction of the total income
received altogether by the i poorest units

C. 13
(2.2.2) g =—"F=—) X, i=1,2...,n
C nyjz_:‘ !

n

against the fraction of the corresponding frequency
(223) p =+ i=1,2..,n.
n

Obviously, since i < n, the first i individuals (or households) in the income ranking are
considered, the concentration must be higher when their total income share is smaller. Or,
equivalently, as Gini [1914, p.1204] put it, "the concentration of the variable (income) is stronger as

the inequality p, > ¢, increases for the n—1 values of i". This is so because, when i =n, we
always have p, =¢, =1. He also noted that, in relative terms, income inequality must increase

when the ratios

Pi —4;
D;

(224) R =

4

increase and proposed [Gini, 1914, p.1207], as concentration measure, "the weighted mean of the

"

n—1 values of R,, where each R, has a weight proportional to the value of p, ", in this way he

obtained the index
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n-1
Z (P —4;)
_ _i=l

(225) R=

which he called concentration ratio. In the case of perfect equality of incomes, that is when

p.=q,(Vi), R=0 while the maximum value R=1 is achieved only when ¢, =0 for

(2.2.6) i=—n

(2.2.7) X; = (n—i)x

after some algebra, the Gini concentration ratio may be written as

228) R —#Zixi _n+l

_n(n—l)m n—1

i=1

Gini [1914, p.1229-1233] also showed how to arrive at the concentration ratio trough the
Lorenz diagram. More precisely he suggested that, for large n, one could measure the inequality
through the index

4 A _ 5y
max A4 1/2

(22.9) R=

where, in a Lorenz diagram, A4 is the area between the diagonal (egalitarian line) of the unit square
and the Lorenz curve (LC). In the extreme case where all incomes are equals, LC coincides with the
diagonal and 4 =0 and, in the other extreme case, if the overall income is “concentrated” on the
hands of a single subject, 4 =1.

Further, Gini [1914, p.1237-1238] demonstrated that the concentration ratio R can be

expressed in terms of the mean difference (A), that is

6
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A A

(2.2.10) R= =
maxA 2m

where

1 n n
@21 A= ;;‘x x|

and 2m 1is, for large n, the maximum of A.

Gini, in his seminal paper of 1914, considered the concentration ratio in the discrete case; a
few months later, two papers by Pietra [1915] were published in which a simple geometrical
procedure for computing the concentration area was proposed. Furthermore, in these papers, the
continuous Lorenz curve in explicit form was defined for the first time (see also [Gastwirth, 1971])
and the graduation function, also known as the inverse cumulative distribution function, was
introduced.

The Gini concentration ratio was, for a long while, at the heart of the debate on the
measurement of income inequality. It stimulated fruitful discussion as well as sharp disagreement
among economists, statisticians, sociologists and econometricians. The relationship with the mean
difference, in particular, and the authorship of resulting theories was the subject of bitter disputes.
An article by Bresciani Turroni [1916] questioned Gini’s preference for the mean difference rather
than other summary indices; Pietra [1917] motivated his preference for the mean difference and
harshly criticized assertions and results by Ricci [1916]. The quarrel was taken up again at the 19t
Session of the International Statistical Institute held in Tokyo in 1930 when a paper by Bortkiewicz
[1931a] who, while analyzing some summary indices, among which the mean difference and the
relative mean difference suitable for measuring income inequality, presented as new results which
had been obtained several years before by Gini [1912] and Pietra [1915]. This provoked resentful
reaction from the latter [Gini, 1931a,b; Pietra, 1931a,b]. Bortkiewicz [1931b] reacted to their

criticisms, and complained that he had been unable to access Gini’s [1912] book on the subject.
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